One provides a detailed construction of the Schwartz classes. They are characteristic classes associated to complex analytic singular varieties. In a first step, one gives the construction of Schwartz classes by obstruction theory. Then one relates these classes to Mather's and MacPherson's ones. The third part is devoted to the computation of examples. The last section deals with polar varieties and definitions of characteristic classes via polar varieties. These are old and new results, partly obtained jointly with M.-H. Schwartz, with G.
Introduction
The Euler-PoincarQ characteristic has been the first characteristic class to be introduced. For a triangulated (possibly singular) compact variety X without boundary, it has been defined, as where ni is the number of i-dimensional simplices of the triangulation of X . It is also equal to C(-l)ibi where bi is the i-th Betti number, rank of Hi(X). The PoincarQ-Hopf theorem says that, if X is a manifold and w a continuous vector field with a finite number of isolated singularities ak with indices I (w, arc) , then This means that the Euler-Poincark characteristic is a measure of the obstruction to the construction of a non-zero vector field tangent to X , i.e. of a non-zero section of the tangent bundle.
The first definition of highest characteristic classes has been given in terms of obstruction of linearly independent sections of the tangent bundle. In a parallel way, Todd defined the so-called polar varieties and shown that some linear combinations of them are invariant. In fact, it appears that they coincide with Chern classes of complex analytic manifolds (see 58) .
In years 1960, Hirzebruch shown that characteristic classes can be characterized by a system of axioms. During several years, the attractiveness of the axiomatic properties of Chern classes caused the viewpoints of obstruction theory and polar varieties to be somewhat forgotten. It is interesting to see that these viewpoints came back on the scene with the question of defining characteristic classes for singular varieties (see Teissier [Te] ) .
There are various definitions of characteristic classes for singular varieties. In the real case, there is a combinatorial definition, which simplifies the problem. In the complex case, the situation is more complicated (and certainly more interesting !), due to the fact that there is no combinatorial definition of Chern classes. Thinking of the obstruction theory point of view, one has to find a substitute to the tangent bundle. In fact there are various candidates to substitute the tangent bundle and to each of them corresponds a different definition of Chern class for singular varieties.
If X is a singular complex analytic variety, equipped with a Whitney stratification and embedded in a smooth complex analytic manifold M , one may consider the union of tangent bundles to the strata, that is a subspace E of the tangent bundle t o M . The space E is not a bundle but it generalizes the notion of tangent bundle in the following sense: A section of E over X is a section IJ of T M l x such that in each point x E X , then
~( x )
belongs t o the tangent space of the stratum containing z. To consider E as a substitute to the tangent bundle of X and to use obstruction theory is the M.-H. Schwartz point of view (1965, [Scl] ). Another possible substitute for the tangent bundle is to consider, in each point z E X , the space of all possible limits of tangent vector spaces Tzt(Xreg) where xi is a sequence of points in the regular part Xreg of X converging to z. That point of view leads to the notion of Mather class, which is an ingredient in the MacPherson definition, in the case of algebraic complex varieties (1974, [MP] ) . The other main ingredient for these classes is the notion of Euler local obstruction.
Finally, when there exists a normal bundle N to X in M , for example in the case of local complete intersections, one can consider the virtual bundle T M l x \ N as a substitute to the tangent bundle of X . That point of view is the one of Fulton (1980, [Fu] ).
There are relations between the classes obtained by the previous constructions. First of all, the Schwartz and MacPherson classes coincide, via Alexander duality (1979, [BS] ). The relation between Mather classes on the one side and Schwartz-MacPherson classes on the other side follows form the MacPherson's definition itself: His construction uses Mather classes, taking into account the local complexity of the singular locus along Whitney strata. This is the role of the local Euler obstruction.
A natural question arose to compare the Schwartz-MacPherson and the Fulton-Johnson classes. A result of Suwa [Su] shows that in the case of isolated singularities, the difference between these classes is given by the sum of the Milnor numbers in the singular points. It was natural t o call Milnor classes the difference arising in the general case (see [Yo] ). This difference has been described by several authors by different methods: P. Aluffi, J.P. Brasselet-D. Lehmann-J. Seade-T. Suwa, A. Parusiriski-P. Pragacz and S.
Yokura. We will not discuss of these classes in the present course. Interested reader can refer to [Br2] , [Br5] .
We provide in $8 explicit examples and computations of SchwartzMacPherson classes in the case of Thom spaces associated to Segre and Veronese embeddings and iterated cones. Results of this section and other examples (for instance the case of toric varieties) have been obtained in join works with G. Barthel, K.-H. Fieseler and L. Kaup (see [BBF] , [BFK] ).
The definition of polar varieties is classical in the smooth case. In $10, we give the construction of Chern classes using polar varieties in the context of manifolds. The notion of polar varieties has been extended in the singular case by LB D. T. and B. Teissier [LT] and R. Piene [Pil, Pi2] gave formula for Mather classes in terms of polar varieties, for singular varieties. The result of P. Aluffi and J.-P. Brasselet relates other definitions of classes to polar varieties, in a particular case. A general formula has been conjectured in [Br3] .
Two books related to the subject will appear soon, where the reader will find a complete view on the subject
The very nice survey on Characteristic Classes of Singular Spaces, by Jorg Schurmann and Shoji Yokura [SY] , in this volume provides, for the students and researchers, an useful and interesting complement to this course.
The author thanks the editors and the referee for useful comments and remarks.
A complex analytic manifold M admits a (complex) tangent bundle T M .
In the case of a complex analytic singular variety X , there is no longer tangent bundle. The different notions of Chern classes, in the singular setting, correspond t o different notions of substitute to the tangent bundle. There are (at least) three ways to define such a substitute in the case of a singular variety X embedded in a manifold M :
1. let us consider the union E of tangent spaces to the strata of a stratification of X and consider the sections of T M whose images are in E. This is the method used by M.-H. Schwartz, showing that it is not possible to proceed to obstruction theory, using any section, but that one has to use vector fields and frames obtained by radial extension.
2. let us consider in each point z E X, the set of all possible limits of tangent spaces Txi (Xreg) to sequences of points z i E Xreg converging to z. That is the Nash transformation and the Nash bundle on it.
3. let us consider the virtual bundle. That is the method used by Fulton. If X is smooth, one has the exact sequence
where N x M is the normal bundle of X in M . In the case of a singular variety such that the normal bundle N X M exists (for instance hypersurfaces or local complete intersections), one can define the virtual bundle (in the Grothendieck group K U ( X ) ) as
A common setting of the different notions is that they define characteristic classes in homology. One has to notice that, in the case of singular spaces, there are no longer characteristic classes in cohomology.
: Obstruction theory -The smooth case
Let M be a complex manifold of (complex) dimension m, endowed with a hermitian metric. The tangent bundle to M , denoted by T M , is a complex vector bundle of rank m, whose fiber in a point z of M is the tangent vector space to M in z, denoted by T x ( M ) and is isomorphic to @". The vector bundle T M is locally trivial, i.e. there is a covering of M by open subsets {Ui} such that the restriction of T M to Ui is isomorphic to Ui x @".
The PoincarBHopf Theorem says that x ( M ) is a measure of the obstruction for the construction of a vector field tangent t o the manifold M .
In the same way, the objective of the obstruction theory is, for r fixed, 1 5 r 5 dim@ M , to define a measure of the obstruction to the construction of r linearly independent vector fields tangent to the manifold, i.e. to the construction of r sections of T M linearly independent (over @) in each point.
Definition 3.1. An r-field on a subset A of M is a set dT) = (211,. . . , w,} of r continuous vector fields defined on A. A singular point of dT) is a point where the vectors (wi) fail to be linearly independent. A non-singular r-field is also called an r-frame.
One observes that considering r-frames which are linearly independent r-fields or orthogonal r-fields provides the same construction and result (see [St] ). It will be sometimes easier to consider orthogonal r-fields. Let us suppose that [ y ( d T ) In order to answer to the previous question, we need to know the ho-
motopy groups of Vm,,.(C>. They are equal to (see [St] ):
Let us denote 2p = 2(m -r + 1). A generator of the first non-zero homotopy group r2P-l(Vm,T(C)) can be described in the following way. 
One obtains:
Proposition 3.1. Let d ' ) be a r-frame defined o n the boundary ad of the 2). One observes that this corresponds to the classical definitions of the index of a r-frame at a singular point.
The Chern classes can be defined now in the following way: One choose arbitrary r-frames on the 0-cells and one extends them without singularity, i.e. as a section of T'M, on the 1-cells. By (i) of Proposition 3.1 one can extend that section by induction process on higher dimensional cells till we reach the obstruction dimension 2p. For each 2pcell d, the section dT) being defined on the boundary, provides an index I(v("), 2). The generators of , (C) ) being consistent (see [St] ), one define a cochain
for each 2pcell d, and then extend by linearity. This cochain is actually a cocycle, called the obstruction cocycle. 
Definition 3.2. The p t h (cohomology) Chern class of M ,

Cp(M) E H2P(M;Z)
is the class of the obstruction cocycle.
By Poincark duality isomorphism, cap-product by the fundamental class
It is represented by the cycle dim s=2 (r-1) where s is the simplex in the simplicia1 triangulation ( K ) of which d is dual.
The barycenter d is the intersection point of s and d, that is the barycenter of s, as well.
In particular, the evaluation of c"(M) on the fundamental class [MI of M yields the Euler-PoincarB characteristic.
T h e Schwartz classes
The first definition of Chern class for singular varieties has been given in 1965 by M.-H. Schwartz in two "Notes aux CRAS" [Scl] .
In order to define characteristic classes of singular varieties, it is necessary to know the local structure of the singular variety. That is given by the structure of stratified space and by suitable definition of triangulation on the variety.
Stratifications, triangulations and cell decompositions
In the following, M will be a complex analytic manifold equipped with a semi-analytic stratification { V,}, i.e. a partition into analytic manifolds V,, called the strata such that, for each stratum V,, the closure v, and the boundary V, = v, \ V, are semi-analytic sets, union of strata. We denote by X c M a complex analytic compact subset stratified by {Va}.
As we know, on a singular variety, there is no more tangent space in the singular points. One way to find a substitute for the tangent bundle is to stratify the singular variety into submanifolds. One can proceed to the following construction: If X is a singular complex analytic variety, equipped with a stratification and embedded in a smooth complex analytic manifold M one can consider the union of tangent bundles to the strata. That is a subspace E of the tangent bundle to M . The space E is not a bundle but it generalizes the notion of tangent bundle in the following sense: A section of E over X is a section w of T M l x such that in each point x E X, then w(x) belongs to the tangent space of the stratum containing x. Such a section is called a stratified vector field over X: Definition 4.1. A stratified vectorfield w on a part A of X is a (continuous) section of the tangent bundle T M defined on A and such that, for every x E A , one has w(x) E T (V,(zl) where V,(,) is the stratum containing x.
To consider E as the substitute to the tangent bundle of X and to use obstruction theory is the M.-H. Schwartz point of view (1965, [Scl] ), in the case of analytic varieties.
When one considers stratifications of singular varieties, it is natural to ask for conditions with which the strata glue together. The so-called Whitney conditions [Wh] are the one which allow to proceed to the construction of radial extension vector fields. According to a result of Whitney, every analytic complex variety can be equipped with a Whitney stratification.
Definition 4.2. One says that the Whitney conditions are satisfied for the stratification {V,} of X if, for any pair of strata (V,,Vp) such that V , is in the closure of Vp, one has: a) if (xn) is a sequence of points in Vp with limit y E V , and if the sequence of tangent spaces Txn(Vp) admits a limit T (in the suitable Grassmanian space) when n goes to +m, then T contains Ty(Va).
is a sequence of points in Vp with limit y E V, and if (yn) is a sequence of points in V, with limit y, such that the sequence of tangent spaces Txn(Vp) admits a limit T for n going to +m and such that the sequence of directions admits a limit X when n goes to +oo, then X lies in T.
Let X c M be a singular n-dimensional complex analytic variety embedded in a complex m-dimensional manifold. Let us consider a Whitney stratification {V,} of M such that X is a union of strata and let us denote by ( K ) a triangulation of M compatible with the stratification, i.e. each open simplex is contained in a stratum.
The first nice observation of M.-H. Schwartz concerns the triangulations: We denote by (K') a barycentric subdivision of ( K ) and by (D) the associated dual cell decomposition. Each cell in (D) is transverse to the strata. This implies that if d is a cell of (real) dimension k and V, is a stratum of (complex) dimension n,, then d n V, is a cell whose (real)
Consequence: This means that if d is a cell whose dimension is the dimension of obstruction to the construction of an r-frame tangent to M , i.e. 2p = 2(m -r + l), then d n V, is a cell whose dimension is exactly the dimension of obstruction to the construction of an r-frame tangent to the stratum V, , i.e. 2(n, -r + 1).
We will use two important properties of the dual cells:
The (D)-cells which meet X are duals of (K)-simplices lying in X . Union of such cells is a neighbourhood N ( X ) around X . That is not a fibre bundle on X but one has the following construction:
Dual cells are union of simplices of the barycentric subdivision (K'). That is a "tube" around X and there is a retraction of N , ( X ) on X along "rays": two points x and x ' in T belong to the same ray if their barycentric coordinates corresponding to vertices in TX are proportional on the one hand and their barycentric coordinates corresponding t o vertices in r& are proportional on the other hand (see Figure 1 , Page 30 in [ S C~] ) . The second nice construction of M.-H. Schwartz is the construction of radial extension of vector fields that we explicit below.
Radial extension process -the local case
One gives a description of the local radial extension process. This will be used for the global process in the next section.
Let us consider X , M , {V,}, ( K ) , (D)
as before. Let V, c X be a stratum, with complex dimension n,, let a be the barycenter of a 2(r -1)-simplex s of the triangulation
Let dT) a r-frame defined in d, with an isolated singularity at a. One will construct inside d the parallel extension of dT) and a particular vector field, the transversal vector field:
Parallel Extension
Provided the simplices of ( K ) are sufficiently small, the cell d can be identified with d, x Dkm where is a disk which is transverse to V, and whose dimension is k, = 2(m -n,). Let us consider the parallel extension dV) of dT) in d along the fibers
is not necessarily tangent to Vp. However, the Whitney condition (a) guarantees that if d is sufficiently small, then the angle between T, (V,) and T!(Vp) is small. That implies that the orthogonal projection of 8(')(z) on T,(Vp) does not vanish. Of course, considering for each stratum the projection of the parallel extension on the tangent space to the stratum at the given point does not provide a continuous frame. In order to obtain a continuous frame, one has to consider a slight modification of the construction, in the neighbourhood of the strata, which is easy to understand, but complicated to describe into details. The good extension will be ij(')(z) away from Vp and continuously going to the projection of d')(z) on T,(Vp) when approaching Vp, using a suitable partition of unity.
That construction is correctly and entirely described in M.-H. Schwartz book [ S C~] .
In fact, one has to work simultaneously for all strata V, such that a E q, that complicates a detailed construction.
In conclusion, the Whitney (a) condition implies that one can proceed to the construction of a stratified r-frame, denoted by d T ) ( z ) = {GI,. . . , G T } which is a "parallel extension" of the given frame on V,, in the cell d, identified to a tube around d,.
One observes that the singular locus of dT) corresponds to a k,-dimensional disk which is transversal to d, at the point d^ = a.
Transversal vector field
Let us consider the transversal vector field g(z), which is the gradient of the square of the function distance to V,, for an appropriate Riemannian metric. The vector field g(z) is not necessarily tangent to the strata V, such that a E 5. However, the Whitney condition (b) guarantees that in d, which is identified to a sufficiently small "tube" around d, and for z E dnv,, the angle between g(z) and T,(Vp) is small. That means that the orthogonal projection of g(z) on T,(Vo) does not vanish. In the same way than for the parallel extension, considering for each stratum the projection of g(z) on the tangent space to the stratum at the given point does not provide a continuous vector field. In order to obtain a continuous vector field, one has to consider a similar modification of the construction. The good vector field will be g(z) away from Vp and continuously going to the projection of g(z) on T,(V/) when approaching V,. That construction is also completely described in M.-H. Schwartz In conclusion, one obtains a stratified "transversal" vector field still denoted by g which vanishes along V, , which is growing with the distance to V, and which is pointing outward d along the horizontal part of the boundary of the "tube" d provided that the tube is sufficiently small. That property is the main property of the radial extension, that is precisely the property which allows to construct the obstruction classes for singular varieties.
Local radial extension
Chern classes for singular varieties
In that section, one proceeds t o the construction of a "global" radial extension of an r-frame and one shows the following Theorem (see also [BS] ):
Theorem 4.1. [Scl] , [Sc3] Proof. The "global" construction of the radial extension frame is as follows:
One consider on M a Whitney stratification compatible with X .
The proof will go by induction on the dimension of the strata. We will show that, for each stratum V,, the theorem is true for X = v,.
a) Let us denote by no the lowest dimension of strata in X such that no 2 r -1. The strata whose dimension is less than no do not contribute to the corresponding Chern class. The reason is that such a stratum does b) Let us now consider a stratum V, with (complex) dimension ny and let us suppose that the theorem has been proved for all strata of dimension lower than (and equal to) n,, i.e. that the theorem is true for X = vy.
One denotes by N E ( v , ) the neighbourhood defined in (4). Let us denote
by Y(") an r-frame satisfying conditions of the Theorem for X = vy and for u = jvE(Vy).
Let us call V 6 the next stratum, i.e. the one whose dimension n 6 is strictly bigger than n, and such that there is no other strata whose dimension is between n6 and n,. One has to show that the theorem is true for The r-frame dT) is defined on the 2pskeleton of N E ( v y ) with singularities situated in V,. That means that w(') is defined on the skeleton of dimension 2(n6 -r + 1) of U6 = I$ n Ne (v,) . Moreover, the last vector of
is pointing inward % along aU6 = g~ \ U6. By classical obstruction theory, one can extend v(') inside % on the 2p6 = 2(n6 -r + 1)-skeleton and such that: One obtains an r-frame dr) defined in (D)2P n U(V,) and an r-frame Zf) defined in (D)2pn(vg\fi6). The problem is that, while these two frames agree on Vg, i.e. on (D)2P n aU(V,) n 6 , they do not agree a priori on the common part (D)2P n aU(V,) n U'(V6) where U'(v6) is the union of the (D)-cells which meet
The solution is rather technical. One has to work with two systems of neighbourhood on the following way:
The previous construction can be performed for all 0 < E 5 1. Let us suppose that the construction has been performed for say, N E ( v 7 ) and N1 (v,), the r-frame on the first neighbourhood being restriction of the r-frame on the second. Then one obtains : 0 an r-frame inside N , ( v ) we will not modify it, 0 two r-frames inside (Nl:+7) \ N E ( v 7 ) ) nU(V,), the first one being d') defined in N 1 ( v 7 ) , the second one is Zf). In fact, they coincide on V,. 
and one obtains a continuous stratified r-frame in which solves the problem. As we said, to verify all conditions is rather 
This cochain actually is a cocycle whose class cP(X) lies in
where the first isomorphism is given by retraction along the rays of N and the second by excision (by M \ N ) .
Definition 4.4. [Scl] , [ S C~] The p t h Schwartz class of X is the class
The Schwartz class is independent of the choices : stratification, triangulation, dual cell decomposition. The direct proof is rather tedious (see [SCT he fact that the Schwartz class is dual of the MacPherson one helps a lot for such a proof.
Euler local obstruction
.I. Nash transformation
Let M be an analytic manifold, of complex dimension m. Let X be an subanalytic complex variety in M of complex dimension n, equipped with a Whitney stratification. Let us denote by C = Xsing the singular part of X and by Xreg = X \ C the regular part.
The Grassmanian manifold of complex n-planes in @" is denoted by G(n,m). Let us consider the Grassmann bundle of n (complex) planes in T M , denoted by G. The fibre G, over x E M is the set of n-planes in
T,(M), it is isomorphic to G(n, m). An element of G is denoted by (x, P )
where x E M and P E G,.
by
~J ( x )
= (2, T x (Xreg)) * Definition 5.1. The Nash transformation 2 is defined as the closure of the image of u in G. It is equipped with a natural analytic projection v : 2 -x .
In general, 2 is not smooth, nevertheless, it is an analytic variety and the restriction v : 2 + X of the bundle projection G -+ M is analytic. 
is an n-complex plane in T,(M) and z = v(?).
One has a diagram:
6 -e
We will denote by Gr the bundle of "r-frames" associated to 6, i.e. the bundle whose fiber in a point (z, P ) of 2 is the set of r linearly independent vectors in P.
The following lemma is fundamental for the understanding of the geometrical definition of the local Euler obstruction.
Lemma 5.1. ([BS], Proposition 9.1) A stratified vector field v on a subset
A c X admits a canonical lifting ij on v -l ( A ) as a section of 6 .
One defines the map v, :
One has a commutative diagram:
Let us recall that a radial vector field v in a neighbourhood of the point a E X is a stratified vector field so that there exists EO > 0 such that for all E , 0 < E < E~, the vector v(z) is pointing outward the ball B, = &(a) over the boundary S, = &(a) = dB,. By the Bertini-Sard theorem, S, is transverse to the strata V, if E is small enough, so the definition takes sense. 
2).
. MacPherson and Mather classes
Let us recall firstly some basic definitions. In this section, one considers the category of complex algebraic varieties.
A constructible set in a variety X is a subset obtained by finitely many unions, intersections and complements of subvarieties. A constructible function a : X -t Z is a function such that a-'(n) is a constructible set for all n. The constructible functions on X form a group denoted by F(X). If A c X is a subvariety, we denote by 1~ the characteristic function whose value is 1 over A and 0 elsewhere.
If X is triangulable, a is a constructible function if and only if there is a triangulation ( K ) of X such that a is constant on the interior of each simplex of ( K ) . Such a triangulation of X is called a-adapted.
The correspondence IF : X -+ IF(X) defines a contravariant functor when considering the usual pull-back f* : F(Y) -+ P(X) for a morphism f : X 4 Y . One interesting fact is that it can be made a covariant functor when considering the pushforward f* defined on characteristic functions by:
for a morphism f : X -+ Y , and linearly extended to elements of P(X).
The following result was conjectured by Deligne and Grothendieck in 1969: The theorem means that for every algebraic complex variety, one has a functor c, : F ( X ) ---t H,(X; Z) satisfying the following properties:
(1) c,(a + P ) = c,(a) + c,(P) for a and P in F ( X ) , ,(f,a) = f,(c,(cx) ) for f : X 4 Y morphism of algebraic varieties and
Mather classes
The first approach to the proof of the Deligne-Grothendieck's conjecture is given by the construction of Mather classes. Let X c M a possibly singular algebraic complex variety embedded in a smooth one. Let us define the Nash transformation 2 of X , as in section 5.1 and the Nash bundle 8 on j?.
Definition 6.1. The Mather class of X is defined by:
where c"(8) denotes the usual (total) Chern class of the bundle 8 in H * ( z ) and the cap-product with [j?] is the Poincar6 duality homomorphism (in general not an isomorphism, see [Brl] ).
The Mather classes do not satisfy the Deligne-Grothendieck's conjecture. One has to take into account the complexity of the singular variety along the strata. That is the role of the local Euler obstruction, used in MacPherson's construction.
MacPherson classes
The MacPherson's construction uses both the constructions of Mather classes and local Euler obstruction.
For a Whitney stratification {V,} of X , we have the following lemma:
Lemma 6.1. [MP] There are integers n, such that, for every point 3: E X , one has: C n,Eu,(V,) = 1. [Brl] ( M , M \ X ) 5 H2(T-l)(X).
H2("-T+1)
One calls Schwartz-MacPherson class the class c * ( X ) in H,(X). 
where ~j := c1(O(qj))) E H 2 ( Q ) for j = 0 , 00, and n denotes the usual cap-product.
Proof. The vertical tangent bundle T, of p : Q + Y is defined by the exact sequence:
The sheaf of sections of the bundle T, is the sheaf canonically associated to the divisor q0) + qm), it is denoted by O Q (~O ) + qm) 
where K c -l ( Y ) denotes the class [a] E H o ( K Y )
Proof. Let 1~ be the constructible function which is the characteristic function of Q , one has i.e.
r * ( l Q )
On the one hand, one has 
+ rT,(q, n Y ( G ( Y ) ) ) . (13)
On the other hand, from the formula (7) 
Let us denote by -the homology relation of cycles. In K Y , one has ( [BGl],
3) :
and, by Theorem 7.1
which is the result of [ B G l ] 
where y is a point in Y . One has More precisely, given a non singular
this is the polar variety of X associated to L. If L is general, it is either empty or the (pure) codimension in X is k . Todd considered an equivalence relation between varieties, called rational equivalence. One of the main results of Todd is that the numbers Xi, * . . . * Xi, depend only upon X, that they are independent invariants and the arithmetic genus of X is a function of them.
The topological Euler-Poincark characteristic of X can be computed to show the equality
where ( a h ) denotes the intersection number. In this case since we intersect with a linear space of complementary dimension, it is the degree of the projective variety pd-j(X).
After Nakano, Hirzebruch, Serre, Gamkrelidze, the invariants x k of Todd (or rather their cohomology classes) coincide with the Chern classes of the tangent bundle of X. 
Chern classes via polar varieties (smooth case)
The construction of Chern classes using Schubert varieties was already present in Chern's original paper. This construction was emphasized by Gamkrelidze in [Gal] and [Ga2] .
The Schubert cell decomposition of the Grassmann manifold G = G(n, m) of n-planes in Cm has been described by Ehresmann [Eh] The relation between Chern classes and Todd invariant has been described by Nakano "a], Gamkrelidxe [Gal] , [Ga2] where the cap-product with c~( C ) " -~ is equivalent to the intersection with a general ( a -k)-codimensional plane.
Mather classes via polar varieties
The Mather classes have be defined in $6.1. One can provide an alternative definition, by using polar varieties. Let us firstly consider the situation of an affine variety X" C C". Let us consider now the projective case, the Mather class can also be defined using polar varieties [LT] . Let us denote by X" c P" a projective variety, we define the k-th polar variety P k as the closure of {x E Xreg : dim(Tz(Xreg) n Ln--k+2) 2 k -1).
Then one has [Pi2] :
where C = Oprn(l)lx.
That provides an expression of Schwartz-MacPherson classes in terms of polar varieties. In particular cases, the Fulton and Milnor classes can also be expressed in terms of polar varieties (see [ABl] ).
